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Abstract 

The Dirac-Born-Infeld (DBI) action of the 3-dimensional brane for 
its dynamical embeddings and the gauge fields has been studied. The 
evolution of both the D3-brane and the ambient space has been obtained. 
For the special constraint put on the transverse coordinates a family of 
the contracting and expanding spaces has been found. 
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1 Introduction 

In the presence of D-branes supersymmetry of the background is broken. The 
survived supersymmetries are given by the KiUing spinors. If these spinors are 
projected onto the D-brane, then one obtains as a result an equation for the 
survived supersymmetry generators [1] . The number of the unbroken supersym- 
metries is equal to the dimension of the solution space of this equation. The 
supresymmetry charges are minimal in the case of the BPS states. It means 
that masses are equal to the gauge charges. Thus the Hamiltonian (the energy 
of the system) takes the special form. For the Dp-branes described by the DBI 
action, relations between the embeddings, gauge fields and geometric and topo- 
logical properties of the ambient space are discussed in [2]. This is related to 
the concept of a calibrated submanifold [3]. The calibrated submanifold min- 
imizes the DBI action. Thus the calibration bound gives the BPS bound. In 
the present paper evolution of both a D3-brane and the ambient space has been 
investigated. This evolution is induced by the deformed metric which is related 
to the vanishing of the DBI Lagrangian. In Section 2 we recall the form of the 
DBI action and constraints which appear in this action in the case when both 
the gauge fields and embeddings are dynamic. Since the Lagrangian for DBI 
action is invariant under diffeomorphism the Hamiltonian for the DBI action 
is just equal to the sum of constraints. In Section 3 we present the case of a 
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dynamic embedding, which means that both the coordinates transverse to the 
brane and the gauge fields depend on time. We put an isotropic constraint on 
the transverse velocities. This constraint depends on two parameters. In this 
case the deformed metric leads to the evolution both of the D-brane and the 
ambient space. For the different parameters we are going to obtain different 
evolutions of the D-brane and the ambient space. For the special values of these 
parameters the de Sitter space is obtained. 

2 DBI Lagrangian and the constraints 

The low energetic action in the flat ambient space-time for a Dp-hraxie is given 
by the expression: 

S = -Tp [ e-^ (- det (7„^ + 2na'F^0 + B^p)Y'^ dF+^^ + 
J Mp+1 

Tp f Aexp(27ra'F + 5), (2.1) 

JMp+i j 

where: (/) is a dilaton field, a,/? = 0, 1, and p is a spatial dimension of a 
Dp-brane. The metric on the worldvolume is induced by the background 
metric Qmn- 

lap = gMNdaX^d/jX^ , 

is the embedding of M.p+\ into the ambient spacetime: 

= (X",X"), 

a = 1, 9 — p. The RR fields are denoted as Ci, F^p is the abclian gauge field 
strenght on the brane and Ba/i is the puUback of the bacgkround NS 2-form B. 
The symbols F and B denote: 

F = Fa0dCAd^^, 

B = BapdC^d^^- 

In the last integral in Eq. (2.1) are picked up only those forms with degree 

which is equal to the dimension of the Dp-branc. In the case of the non-flat 
backgrounds the action (2.1) is corrected by the non-linear terms in the curva- 
ture forms, both of M and the ambient spacetime [4]. 

It is well-known that a gauge field A with the strength F produces D {p — 2)- 
brane by the WZ action and the fundamental string by coupling to the back- 
ground NS antisymmetric field B. In this paper the purely geometrical back- 
grounds have been taken into account only. Thus the WZ action vanishes. The 
case with p = 3 only has been considered. In [5, 6] the problem of the stability 
of supertubes and branes has been discussed. 

Thus the action (2.1) is reduced to the DBI action and takes the form: 

S = T^j^ dHe-'J- {l - ^7"^7^'^a5^/37) det 7 - PfP (.F), (2.2) 



2 



where Tap = 2TTa'Fai3 (in the case considered B = 0) and Pff^ {T) = det (jF). 
In the non-flat background cases one should add to the action (2.2) non-linear 
terms in the curvature. The Lagrangian in the Eq.(2.2) is expressed by the 
electric field E„i = — ^bm and the magnetic field Bm = ^s^npF"'^ and assumes 
the following form: 

L = Tse-^Y^- (l + i2wa'f 7OOE2 + {2Tra'f det 7 - (27ra')* (E • B)^ 

where = j'^'^EmEn and = Y'"'B,nBn. We also redefine the tension T3 
by the dilaton field (p in the following way: 

Tse-f' ^ T3. 

In this redefinition is hidden an assumption that </> is constant on the worldvol- 
ume. The metric 7 is induced by the backgrounds given by the supergravity 
solutions, e.g. [7]. One can notice that the Lagrangian can be rewritten in the 
form: 

L = T3 ^- (1 + {2TTa'f B2) det 7 - E^ME, (2.3) 

where the entries of the matrix M are given by: 

M™" = {2Tra'f 7007™" det 7 + {2Tra'f B"'B'' (2.4) 

and = 7""S„. 

The canonical coordinates for the embedding X and the gauge field A are: 

(x^,PM),(n«,A„). 

The canonical momenta are given by: 

= d{d!xM) = -YV-det(7 + ^)(G"° + G°«) d^X^guN, (2.5) 
dL 27rQ'T3 



= di^) = -^V-det(7 + ^) (G- - G-) , (2.6) 

n° = -4^ = 0, (2.7) 

d Ao 



where: 



We define the following matrices: 

Vm= iVti) = G-^eu + G-^eM, (2.8) 
£ = (f _ Q-T^ (2.9) 
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where: 

JV 

One can observe that the matrices V and £ obey the relation: 

Vue^ +£r =21, (2.10) 
in the worldvolume coordinates this relation has the form: 

P^ef +f«Tjr^0=2^^. (2.10a) 

The square of Vm is: 

q^^VmVn = SjS+^G-'^ + 2 (G-ijTG-'^ + G-'^J^G''^) . (2.11) 

From the relation (2.10a) the following formulas for a = and /3 = have been 
obtained, respectively: 

2na'PMe^ + ^"^T^m = 2Tra'T3^-det {l + J')5% (2.12) 



2TTa'PMdoX^ + n^^om = 27ra'T3x/-det (7 + J^), (2.13) 
where Pm and 11'" are related to Pm and £ as follows: 



Pm = TaV-det (7 + ^)?'m. 
2TTa'T3 



jjm ^ — ^^-det (7 + J^^)5°'". 
For (3 = m one obtains the worldspace diffeomorphism constraint [8]: 

2T,a'PMdmX^ + WTrnn = 0- (2.14) 

There are also two other constraints [8]: 

• the Hamiltonian constraint (which follows from (2.11)): 

PmPng''"' + n"n"7„„ + r| det [(7 + ^)„ J = 0, 

• the Gauss law: 

5„n™ = 0. 

The Hamiltonian constraint was considered in the static embedding X for 
different configurations in [9]. 

Let us assume that the embedding X is not static and has the form: 

x{o = {e,c,x'^{e,c)) (2.15) 
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and the metric qmn is "diagonal": 



500 

{gMN) = I {g-mn) 



(gab) 



with the signature (—1, +1, +1) . Thus —500 > 0. For the embedding X the 
induced metric 7^^ takes the form: 

7oo = 500 + gabX'^X^, 

70m = gabX^dmX^, 

7toO = gabdrnX^X^, 
^mn ~ gmn 

+ gabdmX^dmXK (2.16) 
We restrict ourselves to a homogenous case: dmX"' = 0. Thus: 

det(7a/3) =7oodet(7„„) 
and the matrix M takes the form: 

M™" = (27ra')S""det (7^^) + (27ra')'* B^S". 
The Lagrangian in this case takes the form: 

L = Ts^- (^goo + gabX-Xb^ (l + (27ra')' B^) det {j^J - EME. 

Note that — 7oo > 0. The momenta Pa transverse to the worldvolume and the 
momenta 11'" have the form: 

Pa = -ll^^^hnA (1 + {2na'f B^) X'gab (2.17) 

and 

rp2 

jjm ^ ^M'^^'En, (2.18) 

J-j 

respectively. The tangent momentum to the worldvolume Pm is obtained from 
the diffeomorphism constraint (2.14): 

Pm — —^^J' mni (^--iQ) 



and is expressed by the the Poynting vector 5^ = SmnpE^PP on the worldvol- 
ume: 

7^(2^nO\lct(7,J 
where = 'y^"^Em- The momentum Pm has the form: 



PM = {n,-U^J^mn,Pa), (2.18) 
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where H is the energy density and Pa is given by (2.17). The square of Pm is: 

PmP^ = g^^n" + g^'^PmPn + g^'PaPb, 

where: ^ 

g^-P^P^ = [E X B]' det ' (7^ J , (2.19) 

g'^'PaPb = § (1 + (W)' B^) ' X' det 2 (7„ J (2.20) 

and X"^ = QabX^X^ , the vector product is defined as: 

(E X B)„ = e^npE"B'\ 
The Hamiltonian constraint takes the form: 

PmP^ + n'"n"7„„ + T| (^1 - det (7p.) = 0, 



where: 



n'"n"7„ 



det 2 (7„„) + 2 {27raf (E • B)' det (7^ J + (27ra') B^ (E 



i2 

(2W) r^^^^ ^^^^^ ^ ^^^^,^2 , 2 



i2 



^'^mn^"'" = -(27ra')'B2. 



2 

Thus the square of the energy density is: 

-g'^^n'L' = {27ra'f tI [E x B]^ det ^ (7^ J + (27ra')' [e det (7^ J + (27ra')' B (E • B) 

(1 + {2^a'f B^)' det ^ (7^ J + T^L^ (1 + {2'Ka'f B^) det (7„J . 

(2.21) 

For B = E = the Lagrangian (2.3) has the form: 



L = Tg^/- ( 300 + gabX'^X^ ] det (7, 
Hence one can obtain: 

1 + 500x2 

and: 



7^2 = rp2 -goo det (7mn) ^2 22) 



P,=T, /"g"'' /det(7^ 

-500 



V 



1 + 500x2 



Note that l^oo] > The Hamiltonian constraint has the form: 



-fl-W^-P^=T^det(7^J. 

where = g'^^PaPb ■ This last equation has the same structure as the equation 
of the motion of a relativistic particle with the mass toq = T3 ^dct (7„„j) . In the 
case of DO-brane (D-particle) moving in the background with the metric Qmn 
the formulas (2.22) and (2.23) give the energy and momentum of the D-particle: 



Pn=- 



1 + g"0X^ 



(2.24) 



(2.25) 



V 1 + 500x2 

The mass of this D-particlc is Tq. 

The energy density as the function of the momenta has the form: 

n = ^ -900 {ri (1 + (27ra')' B^) det (7„„) + g'^^PaPb + Q^'^PmPn + n'"n"7„„) . 
Note that: 

since in this embedding g^n = Imn- Hence the energy density is given by: 



n -- 
where: 



-500 [Pi (1 + {2na'f B2) det (7„„) + g-^PaPb + Il^Il^W„ 
Wmn = (1 + (27ra')' 7„„ - (27ra')' ^m^^. 



(2.26) 



The energy density is the monotonically increasing function of the momenta. 
So it is bounded from bottom by: 



n > -goo (1 + (27ra')' det (7^ J. 
The equation (2.21) can also be expressed as a sum of the squares: 



2_ (Wf 

L2 



[E X B det (7„ J + E det (7^ J + B (E • B)]^ + 



T32(l + (2W)'B2) r r- 
2L^ ^^Vl 



+ {2TTa'f B2 



Ti (l + {2TTaf B2) 



2L2 



Ts^ 1 + (27ra')' 



B2 



X 



X 



1 2 



V det (7„„) + L 



V det (7„„) - L 



det (7m„) + 

det (7m„) • 
(2.27) 



One can deduce that the energy square is bounded by the following configura- 
tions: 

_g00^2 > (2W)^ ^ g ^^^^^ ^ ^ ^^^^^ ^ g _ g^j2 ^ 

Tl (l + {2-Ka'f 



2L2 

One obtains the equality when: 



r3^1 + (27rQ')' 



B2 



V'det(7™„) + i 



det (7m„) • 
(2.28) 



r3Vl + (27ra')'B2 



Vdet(7,„„) = i. (2.29) 



The inequality (2.28) is the BPS bound [9]. In the case when E = B = the 
condition (2.29) gives: 

2X2 det (-^^^-j ^ 
For the static configuration X" = one obtains: 

-500 (l + (27ra')' B^) det (7„„) = EME 

The BPS configuration for X" 7^ has the energy: 

^2 (27ra0' [E x B det (7^^) + E det (7^^) + B (E • B)]' , 
-9 rtBPs = J-s : — : r 

(l + (27ra') B'j X2det(7„J 

+2T| (1 + (27ra')' B^) ' det (7^ J • (2.30) 

The expression under the square root in (2.3) has to be positive in order 
to gets the real Lagrangian. This condition puts the constraint on the allowed 
configurations: 

- (1 + (27ra')^ 7°°E^ + (27ra')^ B^) det 7 > {2TTa'f (E • B)^ , (2.31) 

since (E • B)^ > 0. Integrating the square root of (2.31) over the D3-brane M 
one obtains: 



j ^- (1 + {2TTa'f B2 + (27ra')^ 7OOE2) det -fd^x > {2TTa'f j E • Bct^x. 

The r.h.s. of the above inequality is expressed by the second Cliern character 
c/i2 (i) of the line bundle L over M. This second Chern character is expressed 
by the curvature form F of the line bundle as follows: 
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Thus one obtains: 

J ^- (l + {2'Ka'f B2 + {2Tia'f det7d^a; > 2?:^ {lira'f J ch2 (L) . 

(2.32) 

For the embedding under consideration the formula (2.31) takes the form: 

(-700 - (2W)' - {27ra'f 7ooB') det (7„„) > {2na'f (E • B)' . (2.33) 
One can notice that: 

- 7oo - (27ra')' - (2W)' 700B' > 0. (2.34) 
This condition leads to the relation: 

-7oo>(2W)'E2 + (27ra')SooB' 

(—700 > 0). Thus in the induced metric 7 with the signature (—,+,+,+) we 
get a bound on the allowed magnetic and electric fields: 

|7ool>(2W)'E2-(2W)'|7oo|B^. 

This relation is in agreement with the result of [10] which says that the electric 
field has the maximal value. In the case when the last inequality is saturated, 
it means that fields E and B are maximal. Thus one obtains that E • B = 0, so 
the DEI Lagrangian vanishes. 



3 Evolution of the D3-brane 

In this section we consider a D3-brane embedded in the non-static and homoge- 
nous way in the background given by the supergravity solutions. Let us deform 
the time component of the metric 7 in such a way that it becomes original 
for E = B = 0. The simplest deformation which fulfils the above conditions is 
obtained from (2.34). 

The condition (2.34) can be expressed by the function V as follows: 

^^>0, (3.1) 

where: 

V = -7oo (1 + (2W)' B^) - (2W)' E2. (3.2) 

The condition (3.1) agrees with the signature of the induced metric (— , +, +, +) . 
Thus the deformed metric dl'"^ on the brane looks like: 

dl'^ = -V{de)'+lmndrdC. (3.3) 

The condition that V = determines a certain region on which the metric 
is degenerated. These configurations, for which V = 0, correspond to the 
vanishing of the Lagrangian L. 
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Let us consider the background metric given by: 

ds^ = -Xodf + Ai ^ dXf + X2dr^ + r^Xsdna+i. (3.4) 

This metric describes a {d + 2)-branc which is wrapped on S'^^'^. For the em- 
bedding 

x''{e,c) = {e,c,x''{e)) (3.5) 

(where a = 4, 9) the induced dP metric on M has the form: 

• 2 2 2 

7oo = -Ao + Ai^X. +A2r +r2A3V5 , (3.6) 
7mn = Ai^„„,for 3 < 1. (3.7) 

In ten dimensions d— 1 = 9 — d and — 0' where: 

.2 . r . s 

= hrs^p V , (3-8) 

and hrs = hrs {<fi) {r,s = l,...,d+l) is the metric on S"^"*"^. Thus the deformed 
metric is: 

dl'' = - 1^ I^Ao - Ai ^ - ^2r' - A3^' j (l + {2na'f B^) - {27Ta'f j (d^°) ' + 

AidCn'^r- (3.9) 
Using spherical coordinates (p, 0, ?/;) on M the above metric assumes the form: 



d-i 2 



dl 



12 



Ao - Ai - Aar - r'^Xaf j (l + {2wa'f B^) - (27ra')' E'j (d^^ + 

Xidp^ + p'XidQ.2. (3.10) 

Let us now compare this metric with the Reissner-Nordstrom-hke metric which 
describes a charged black hole. The standard form of the metric describing a 
Reissner-Nordstrom-like black hole in four dimensions is the following: 

ds'^ = -f (r) dt' + f-^ (r) rfr^ + r^df22 (3.11) 

where / is equal to zero for two values of r. These zeros are ordered in such 

a way: > r-, and r+ defines an event horizon. In the case when r-|_ ~ 
the black hole is extremal. In order to obtain the Reissner-Nordstrom-like black 
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hole for the metric dl' the following constraint should be put on the metric 
components: 



In the case when r = = the above condition assumes the form; 

d-l 2 

A? (l + (27ra')' B^) ^ X, - Ai [Aq (l + (27ra')' B^) - (27ra')' 

The solutions for this equations with respect to Ai are as follows: 

Ao (l + B2) - {2'no!f 



(3.12) 



1 = 0. 



\i(±) 



2(l + (27ra'f B2) Yf'lX, 



± 



\o (l + f B2) - (27ra')^ E2 



4(l + (27ra'f B2) YfiZl^, 



2(l + (2;ra'f B2) Y^l'^i 



(3.13) 



Ai is real if: 

Ao (l + (27ra')' B^) - (27ra') 



D 



^E^ 



4(l + (27ra')'B2)^X, >0. 



i=4 



(3.14) 

The only one positive solution of (3.13) exists when = 0. This condition 
relates Aq to Xj, E and B: 



(l + (27ra')^B2) - {l-nolf^^ 



4(i + (2W)'b2)^X,. (3.15) 



In this case the solution (3.13) is: 
Ai = 



(l + (27ra')'B2)^Ef=i^i 



(3.16a) 



and: 



Ao = 



(2W)^ E2 ± 2-^ (l + {^-Ka'f B2) Ytl 
1 + {2TTa'f B2 



(3.16b) 
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Note that Ao > for all configurations if one chooses the sign + in (3.16b). In 
the case when the sign — is chosen the allowed configurations are restricted by 
the following condition: 



(27ra')^ E2 



2^1 + {2'Ka'f 
Thus the metric dV has the form: 



> 



B2 



1 . 2 



d-1 , 2 



dl^' = -y (l + (27ra')' B2) ^ ^ X, (rf^") 



(dp2 + p2^Q2) . 



'(l + (27ra')'B2)^Ef=i^. 

(3.17) 

In the static case, i.e. X,; = r = = 0, the condition (3.12) gives: 

(Ao (l + {2na'f B^) - {2-Ka'f E^) Ai = 1. (3.18) 



Thus: 



dl 



21 



(Ao (l + (2W)' B2) - (27ra')' E^) (de°)' + 

{dp^ + p^dQ.^) ■ (3.19) 



Ao (l + {2'Ka'f B2) - (27ra')^ E^ 

This metric describes the spacetime with the magnetic and electric fields. More- 
over this spacetime has the event horizon which is given by the vanishing of the 
Lagrangian since |7oo| = |Ao|. 

In the metric (3.17) we make the change of the variable ^o assuming that 
the magnetic field B is constant on M: 



T{t)= F{t')dt', 



where t = and: 



F{t) 



1 . 2 



(l + {2na'fB^)^X, {t) 



1/4 



In this new coordinate r the metric (3.17) takes the form: 

2 



1 



F{f{r))_ 

where the function / (r) is the inverse function to the function (3.20): 

t = f{r). 



(3.20) 



(3.21) 



(3.22) 
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In order to predict, how docs the deformed metric (3.17) behave, let us assume 
the following form of the function F (t) : 

i^(t) = (3.23) 

where a and A are constants. This function is related to the Kaster-Traschen 
dynamic solutions [11] in the case when a = 1. These solutions have been 
generalized to the branes in [12]. The metric (3.17) for this function takes the 
form: 

= -K^/^df + A-4-"/2dx2. (3.24) 
In the coordinate r related to t by 

t{T)= (l + a/4)\/AT (3.25) 



(for a ^ —4) the metric (3.24) becomes: 
dP = -dT2 + A 



_.n -2a/(4+a) „ ,,, 

(l+a/4)\/A r-2«/(4+«)dx^ (3.26) 



In the case when a = —4 the variables t and r are related with each other as 
follows: 

t (r) = exp {r/y/Vj . (3.27) 
The metric (3.24) for a = -4 is: 

dl'^' = -dr^ + A-i exp (-t/a/a) dx^. (3.28) 

If a e (—00, — 4)U(0, +oo), then 2a/ (4 + a) > and the metric (3.28) represents 
the four-dimensional space-time being contracted from the phase with the finite 
space intervals at t = to the phase with these intervals going to zero. For a = 
the metric is static. On the other hand the expanding space-time is obtained 
for a S (—4, 0) (because 2a/ {4 + a) < 0) starting from an initial singularity. 
The Kasner metric is obtained for a = 4/3 ([12]). The special case corresponds 
to a = — 4 with the metric (3.28). It is the de Sitter metric being contracted 
from the maximal space distance A~^/^ for r = 0. In this way one obtains a 
family of contracting and expanding directions tangent to the D3-brane in the 
case when the constraint (3.23) holds. 

The distance / in the transverse directions Xi with respect to the ambient 
metric (3.4) is given by: 



Aids, 



where s is a parameter on a curve in the Xi directions. Prom (3.16) and (3.23) 
one obtains: 

l={ (3.29) 
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The distance / expressed by r has the form: 



\/A(4-a) 



4 



(l + a/4)VA 



T-4+a for a ^ -4, +4 



1= i 



\ 



^exp(2r/VA) 



for a = —4 



for a = +4 



(3.30) 



The distance / should be positive, so 4 > a. The transverse directions do expand 
for a e (—4, +4) and contract for a G (— oo, —4). The cases when a = —4 and 
a = +4 correspond to the expanding transverse directions. To summarize, for 
some values of a the tangent directions contract while the transverse directions 
expand: 

• For a £ (—00,-4) the tangent and transverse directions contract. 

• For a G (—4, 0) the tangent and transverse directions expand from the 

initial singularity. 

• For a e (0, +4] the tangent directions contract while the transverse direc- 
tions expand. 

• For a = — 4 the tangent directions are described by the contracting de Sit- 
ter metric with the maximal size A~^^^ whereas the transverse directions 
expand. The minimal size of the transverse space is 2^^A^^/^. 

• For a = the tangent directions are static (they do not depend on r) , the 
transverse directions expand from an initial point which is not singular. 

4 Conclusions 

The metric induced on the D3-brane has been deformed by adding the elec- 
tric and magnetic fields to 7oo. This new metric has been compared to the 
Reissner-Nordstrom-like metric. This comparison has been made because we 
have expected the appearance of the singularities on the brane in the case when 
the DBI Lagrangian vanishes. Vanishing the DBI Lagrangian can be interpreted 
as a result of the strong coupling ( T3 — ^ 0) [8]. In this case description of the 
brane by the DBI action is unvalid since the DBI Lagrangian is obtained in the 
low energetic approximation. 

A family of expanding and contracting branes has been obtained for the 
embedding X restricted by the Eq. (3.23). The DBI Lagrangian vanishes for 
t = 0. This corresponds to a special state of the D3-brane. This state has 
been interpreted as an initial singularity (in the case of expansion) or a final 
singularity (in the case of contraction). Other solutions with the vanishing DBI 
Lagrangian have been obtained which do not possess singularities on the brane 
worldvolume. These solutions have been expressed by the de Sitter metrics (Eq. 



(3.28)). 
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The behavior of the directions transverse to the D3-brane is given as a func- 
tion of time by Eq.(3.30). In this way a dynamical model of the space-time with 
a D3-brane embedded in it has been obtained. 
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